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£Sj ' We study the conditions for a double quantum dot system to work as a reliable electron spin 

entangler, and the efficiency of a beam splitter as a detector for the resulting entangled electron 
pairs. In particular, we focus on the relative strengths of the tunneling matrix elements, the applied 
bias and gate voltage, the necessity of time-dependent input /output barriers, and the consequence 
^— i , of considering wavepacket states for the electrons as they leave the double dot to enter the beam 

■ splitter. We show that a double quantum dot turnstile is, in principle, an efficient electron spin 

' entangler or entanglement filter because of the exchange coupling between the dots and the tunable 

input/output potential barriers, provided certain conditions are satisfied in the experimental set-up. 
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ryj ' I. INTRODUCTION 

V . 

Experimental and theoretical studies in quantum computing and quantum information processing have shown 
that there exist natural resources in the quantum regimei such as quantum superposition and entanglement that 
can be exploited to provide additional computing power. In particular, the study of quantum entanglement has 
attracted wide spread attention because of its direct relevance to quantum computation and its implications to the 
' foundations of quantum mechanicsi^ Many physical systems ranging from atomic and optical to solid state have 
been proposed as potential candidates for quantum information processing and for providing insights to their inherent 
quantum mechanical properties. Specifically, localized spins (electron or nuclear) trapped in solid state host materials 
(particularly semiconductors) have been considered as good candidates for these purposes because of their relatively 
isolated (from their environment) nature In this context, the creation and the detection of electron spin 
^sl \ entanglement become critically important tasks, and are the subject matter of interest to us in this paper. 

, Quantum entanglement is a manifestly non-classical property of the quantum state of a composite system (e.g. two 
or more particles) where the entangled composite state cannot be decomposed into a product of the individual states 
of local constituents, and as such the constituents are "entangled" no matter how far they are separated spatially. 
The classic example is the spin singlet "EPR" state of two spin-1/2 fermions, where, no matter how far apart the 
two particles are spatially, a measurement of the spin of one particle completely determines the quantum spin state 
of the other (provided, of course, the spin singlet state of the two-particle state is preserved coherently up to the 
j measurement process, i.e. no decoherence takes place until measurement). 

Entanglement leads to specific nonlocal (and nontrivially nonclassical) correlations in the measured properties of 
the individual constituents, which are typically expressed in terms of the celebrated Bell's inequalities. A violation 
of Bell's inequalities in correlation measurements of the constituents indicates the presence of entanglement in the 
technical sense (i.e. shows that the state of one constituent is inextricably and nonlocally quantum-mechanically en- 
tangled with the state of the other constituent no matter how far spatially apart they may be) . Direct demonstration 
of entanglement (as manifested in the violation of Bell's inequalities) have so far been limited mostly to experiments 
involving photons&Siifi because entangled photons are easy to produce in laboratories using the parametric down 
conversion processes in optical nonlinear crystals, and photons have very long coherence lengths since they are ex- 
tremely weakly interacting objects. However, from a classical perspective at least (i.e. when considering light as an 
all pervading wave rather than a collection of quantized photons) , nonlocal entanglement manifestation of light waves 
is not a particularly shocking situation as it would be with classically massive objects such as atomsii and electrons, 
which are classically purely particle-like, making any nonlocal classical correlation impossible. 

Entanglement (in the technical Bell's inequalities or EPR sense) has never been experimentally demonstrated in 
any condensed matter systems. Because of strong interactions inherently present in all solid state systems, the ground 
state is often an interacting many-body state (e.g. the strongly correlated Laughlin state for the fractional quantum 
Hall system, the Bethe ansatz singlet ground state for one-dimensional spin chains, the BCS superconducting ground 
state) where the collective state is highly 'entangled' in the sense that it cannot be written as a mean field product state 
of one electron Hartree wavefunctionsii 2 ^ While such strongly coupled states (the Laughlin state in the fractional 
quantum Hall system being a classic example) are intrinsically entangled by definition, in general they are unsuitable 
for the observation of entanglement in the technical sense of EPR/BelPs inequalities, since turning off the interactions 
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and spatially separating such entangled electrons so as to carry out correlation measurements are essentially impossible 
in the strongly interacting solid state environment. We mention, however, that perhaps more thinking and research 
should go into exploring the possibility of using a strongly coupled quantum many-body ground state such as the 
Laughlin state to experimentally demonstrate entanglement correlations. 

Experimental demonstration of solid state entanglement should entail the following minimal steps as a matter of 
principle: (1) Two (or more) particles (or sub-systems) interact to form an entangled pair; (2) this entangled pair 
of constituents is then physically separated from the specific solid state environment (3) the two constituents are 
spatially separated and their interaction turned off while the entangled two-particle state is preserved (4) when 
the two constituents are sufficiently spatially separated, some suitable properties of each are measured in a correlated 
manner; (5) a study of correlation between these local measurements on each constituent, provided they violate 
Bell type inequalities, establishes entanglement between the constituents. We emphasize that the hardest steps in the 
experimental observation of solid state entanglement are the steps two and three above because it is extremely hard to 
spatially separate electrons in solids in a controlled manner without causing decohcrcncc. The problem in observing 
solid state entanglement is really too much (and not too little) entanglement — electrons in solids are intrinsically 
coupled or entangled with each other (and with the environment) and extracting a pair of constituents and spatially 
separating them in order to observe entangled correlations within the pair is very difficult, if not impossible. 

A possibly suitable method to observe solid state electronic entanglement is to use transport or tunneling techniques, 
which naturally allow flow or movement of particles enabling spatial separation, the essential ingredient for observing 
entangled correlations. For example, one could extract a Cooper pair from a superconductor, which is in an entangled 
(delocalized) singlet state in general. Then the two electrons in this Cooper pair have to be spatially separated somehow 
(using coherent tunneling or transport through various leads) in a ballistic manner (i.e. without any decoherence 
whatsoever) so that correlation measurements on each electron of the pair can be carried out locally on each system 
without any interaction with its distant partner. Clearly, decoherence will be a severe problem in such experiments as 
each electron of the singlet pair will necessarily interact strongly with the environment (i.e. all "other" electrons in the 
system and in the leads, phonons, magnetic and other impurities). In spite of all these problems, many approaches for 
creating/detecting entanglement in solid state systems (involving, for example, delocalized Cooper pair a 16ll7ll8 ' 19 i 20 ' 21 , 
localized quantum dot or quantum wire electron singlets^ 2 * 2 ^* 2 ^, beam splitters^SS*2L2S*2S, etc) have been theoretically 
proposed in the literature to study spin entanglement properties in a solid state environment, and in this paper we 
study in some depth a proposal in which electron spin entanglement is generated in a coupled double quantum dot 
and detected through a beam splitter, where measurements on the scattered current noise and correlation have been 
shown to exhibit possible signatures of an entangled electron spin singlet state in semiconductors ~ This detection 
proposal is still far from a Bell- type measurement, but it is a necessary first step as it deals with correlations between 
electrons that have been extracted from their entangler and arc already spatially separated. 

In this paper, we first discuss in Section ITT1 and ITTT1 how a double quantum dot might be used to generate pairs of 
entangled electrons and what problems may affect the performance of a fixed barrier double dot system as a spin 
entangler. Then in Section llVl we introduce the dynamic turnstile configuration in order to create a regulated source 
of entangled electrons, and in Section we discuss how the wavepacket nature of the electrons reduces the signature 
of electron entanglement in a beam splitter. One key aspect of our work is to analyze the proposed noise/correlation 
experiment of Ref. 25, in terms of particle-like wavepacket electronic states. The other key aspect is to show that it 
will be essentially impossible to satisfy all the stringent temporal restrictions (e.g. tunneling rates for the electrons 
to go in and out of the dots, the decoherence rate, etc) needed for the success of the proposed detection scheme 
using a static barrier double quantum dot system — we therefore suggest and analyze a situation where the double 
dot input/output barriers will operate in a dynamical time-dependent turnstile mode, first allowing entanglement to 
occur in the double dot through the exchange interaction and then enabling the extraction of the entangled electrons 
and their detection through noise cross-correlation measurements in the output leads. 

II. DOUBLE DOT AS AN ENTANGLEMENT FILTER: FIXED BARRIERS 

The basic idea underlying the use of a coupled double quantum dot system as an electron spin entangler has 
already been introduced and discussedi^S^i*^ It is now well-established that an exchange-coupled double quantum 
dot could act as an artificial molecule where individual electrons on one dot are "entangled" with electrons on the 
other in molecular singlet (or triplet) states, similar to the corresponding situation in real molecules. For example, a 
two-electron double dot with one electron on each dot (and a suitable gate to control the exchange coupling between 
the two dots by electrically tuning the overlap of the electron wavefunctions in the two dots) is the artificial analog 
of the H2 molecules on a 10 to 100 nm size and 0.1 to 1 meV energy scale (although the details are qualitatively 
different since the "atomic" electronic confinement in the quantum dot case is the approximately parabolic external 
confinement potential imposed by electrostatic gates in contrast to the Coulombic nuclear confinement potential in 



3 



Double dot 



entangler Beamsplitter 




FIG. 1: Schematic diagram of a double quantum dot as an electron-spin-entanglement filter. An electron beam splitte»— is 
included as a potential detector for the spin entanglement—. 

real atoms and molecules). In a two-electron double quantum dot the ground state (with one electron in each dot), in 
the absence of any external magnetic field, is the exchange-coupled and manifestly entangled spin singlet state^2i2i 
In multielectron (i.e. each dot containing more than one electron) double quantum dots22 the ground state, even 
in the absence of any applied magnetic field, could be either a singlet or a triplet or other more complicated states 
depending on the details of the system (e.g. the number of electrons, the confinement potential, the exchange gate 
behavior) just as in real many-electron molecules where the ground state may be a spin triplet state. 

The idea is therefore to introduce electrons into the double dot structure through well-controlled input barrier in 
order for them to populate the spin singlet states and then to controllably extract the entangled electron pairs from 
the double dot system through output barriers into transport leads. Then the entanglement has to be detected in a 
suitable transport measurement which, as already proposed in Ref.l25l could be a current noise and/or cross-correlation 
measurement between the electrons in the entangled pair through a beam splitter (Fig. ITJl. The basic detection idea 
is simple conceptually but extremely difficult to implement experimentally. We note that the proposed current noise 
measurement satisfies the key criterion for establishing entanglement in the sense that these measurements involve 
local measurements for each constituent which are spatially separated from each other (and are no longer interacting 
with each other through the direct exchange coupling) . Entanglement manifests itself in the correlations between local 
observations on spatially separated constituents. By contrast, a direct spectroscopic observation of the singlet state 
in the double quantum dot system itself, for example by observing the singlet-triplet energy level splitting (or the 
symmetric-antisymmetric gap), is in our view not direct evidence for entanglement, but evidence for the presence of 
inter-dot electronic coupling or wavefunction overlap. It is only by separating the two electrons, as shown schematically 
in Fig.^ one could hope to demonstrate entanglement. (Demonstration of, or evidence for, entanglement necessarily 
requires that the local interaction originally creating the entangled state has been turned off.) 

We consider a horizontally coupled double quantum dot (QD) configuration as shown in Fig. ^ where the two 
dots are connected to the same source electrode but different drain electrodes, so that the pair of electrons can be 
separated after passing through the double dot. As is evident from the schematics, such a coupled double dot has 
several knobs we can tune to adjust its properties because modern lithographic technologies allow various gates and 
leads to be put on the double dot structure in a controllable manner. These include the bias voltage applied between 
the source and drain electrodes, the gate voltages applied to the two quantum dots, the inter-dot tunnel coupling, and 
the dot-electrode couplings. Parallelly accessible double quantum dots have already been studied experimentally^ 
so that the configuration discussed here should be feasible for future experimental exploration. Below we will first 
analyze some requirements imposed by our objective of using the double dot as an entangler for electron spins. 

We assume a priori that the tunnel coupling between the double dot is stronger than the tunnel coupling between 
the double dot and the source and drain electrodes, so that electrons inside the double dot can form a molecular state. 
This is an absolutely necessary condition for our proposed spin entangler to work. This assumption also dictates 
that only one source electrode is needed because the electrons in the reservoir(s) would see the double dot as a single 
(strongly tunnel- coupled) entity. For the case of weak inter-dot tunnel coupling, we can consider the limit of vanishing 
coupling to understand why such a situation is not conducive to our objective of creating spin-entangled electron pairs. 
If there is no tunneling or wavefunction overlap between the two dots, the only possible inter-dot interaction is the 
classical Coulomb long range coupling. The two streams of electrons passing through the two quantum dots would 
have no spin correlations in this situation. The currents will be correlated because of the Coulomb blockade: when 
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one of the QDs is occupied, the other would tend to stay empty to minimize the total energy of the system (depending 
on the applied gate voltage). The situation is quite similar to what has been studied in Ref. 0, and is not useful for 
the purpose of entangling electron spins. (Here is in some sense a rather simple example of a coupled system "without 
entanglement", precisely speaking "without spin entanglement".) 

For simplicity, we consider a situation where the double dot is empty initially. This condition can be achieved 
by tuning the gate voltages to empty the two QDs, which has been achieved experimentally in both vertical and 
horizontal QDsi25ii2£i2L2& If the QDs are not initially empty, exchange coupling can still be established^ However, 
chaotic behavior sets in as the number of electrons increases, so that the exchange coupling would be very sensitive 
to the energy levels involved and can vary uncontrollably in a wide range. To avoid this sensitivity to the control 
gate voltages, we will limit ourselves to the initially empty double dot systems for our consideration. This condition 
dictates that the chemical potential of the drain electrodes should be slightly lower than the ground state energy 
levels of the two QDs. Furthermore, since exchange coupling decreases as the level offset of the two QDs increases^, 
we will assume that the two QDs are identical with the same gate voltage, so that the ground single electron energy 
levels of the two dots are always aligned in order to maximize the exchange coupling. The gate voltages will be fixed 
to streamline the pulse sequence used to manipulate this double dot device. To make the two-electron singlet state of 
the double dot accessible in transport, the chemical potential of the source electrode has to be higher than the singlet 
state energy of the double dot with two electrons (but lower than the energy level of the two-electron triplet state, 
as we discuss below). In short, we require the source-drain bias voltage to enable the system to satisfy the following 
inequalities: 

E(2e, triplet) - E(le) > Source > E(2e, singlet) - E(le) > E(le) > /i d rain , (1) 

where E(2e) (E(le)) is the lowest energy required to put two (one) electrons in the double dot (defined relative 
to the bottom of the quantum dot potential well). Therefore, the source-drain bias voltage should be larger than 
E ( 2 e, singlet) — E(le) (which is generally larger than E(le) because the direct Coulomb repulsion caused increase is 
usually larger than the exchange caused decrease in energy) if we align the bottom of the double dot with the chemical 
potential of the drain electrodes, so that electrons can tunnel into the two-electron singlet from the source electrode 
and then empty into the drain electrodes. Notice that lower bias voltages, though not useful for the purpose of creating 
spin entangled electrons, may also lead to physically interesting scenarios. Under a small bias, the double dot can be 
considered to be a large single dot. When one excess electron occupies the double dot, the two-dot charging energy 
would prevent another electron from entering the double dot in the low-bias situation. The system is essentially in 
the Coulomb blockade regime of a single QD (with a relatively small charging energy). However, since there are two 
drain electrodes instead of one, when the two paths recombine (for example, at a Y-junction), electron interference 
effects such as Aharonov-Bohm effect can be expected as long as the system size is smaller than the electron phase 
coherence length. 

The bias voltage needs to be small so that only one electron orbital level in each quantum dot is open to accept 
electrons from the source and to emit electrons to the drain. If more quantum dot orbital levels are accessible to the 
source electrode, electrons could tunnel into triplet and excited singlet states. The occupation of these excited states 
would reduce the spin filtering efficiency of the double dot. For example, if a pair of electrons are in a doubly-occupied 
singlet state (both electrons on the same QD), they would have higher probability for entering the same drain electrode 
where they would not represent a pair of distinguishable entangled electrons. These two electrons would also tend to 
have different energies so that their control outside the double dot becomes problematic. If the two electrons are in a 
triplet state, they would either leave the quantum dots in a triplet state, or undergo spin flips and possibly leave the 
double dot in a singlet state, though this probability is only 33% after one spin flip: 

I TT) - | U) = (\To) + \S))/V2, 
|U>-MU> = (|T > + |S))/V2, 
|T >-(| TT) + IU))/V2. 

Since spin flip (or relaxation) time is quite long in QDs at low temperatures (e.g. spin-flip tunneling time in the 
order of tens of /is^MS), one cannot count on spin relaxation to bring a pair of electrons in a triplet state into the 
ground singlet state within their residence time inside the QDs (which we will show below to be in the order of 100 
ps). Therefore, the bias voltage applied to the double quantum dots has to be small: Vbias < E(2e, triplet) — E(le), 

where Vbi as = /^source /^drain ■ 

The strength of dot-electrode tunneling should be sufficiently weak so that second or higher order tunneling processes 
(cotunneling) are strongly suppressed, because these higher order processes do not obey the spin selection rule we 
established by properly setting the bias voltage (so that only ground two-electron singlet state can pass through the 
double dot). Indeed, we believe that cotunneling would make up of a part of the current noise in the two streams of 



5 



spin-entangled electrons, complicating the observation of the entanglement induced cross-correlation and noise in the 
current. 

The source electrode is taken to be unpolarized (in an external magnetic field this is not necessarily the case; for 
example, quantum Hall edge states have been used to produce spin polarized injection into quantum dots^i), so that 
any arbitrarily picked two electrons should have a spin density matrix (neglecting the exchange interaction between 
the two electrons and all spin-flip interactions) in which the two-spin singlet state is equally probable as any of the 
three triplet states: 

p = \{\S){S\ + \T ){T \ + |T T )(T T | + |T;)(T ; |) . (2) 

It is clear from this density matrix that the double QD acts here as a spin filter that selectively allows the electron spin 
singlet component to tunnel through. In this sense the double QD system may be considered to be a two-spin blockade 
device (in contrast to the regular spin blockade devices which have already been studied in the literature). 



III. PROBLEMS WITH A FIXED BARRIER DOUBLE DOT AS A SPIN ENTANGLEMENT FILTER 

When the conditions outlined in the previous section (which should be taken as the minimal necessary conditions, 
by no means sufficient since, for example, decoherence must be held to a minimum in the whole set-up so that 
entanglement can be preserved) are all satisfied, the ground two-electron singlet state becomes accessible to electrons 
tunneling through the double QD. However, a variety of tunneling events can occur through the double dot. It is thus 
crucial to analyze the relative weight of these tunneling events in order to determine whether spin entangled states 
would be a dominant component in the outgoing electron streams. 

According to Ref. |4!j the stationary current passing through a QD (treating our coupled double dot as a single 
QD, as illustrated in Fig. |2J can be written as 

/ = -^^r;p(W) {8 n ,, f(E i -'(N)-E F )-6 nf , 1 [i-f(Et>>(N)-E F )]} . (3) 

P {rii} 

where V is the bias voltage applied across the QD, p is the index of orbital energy levels inside the QD, {rii} represents 
dot level occupations, Tp are the tunneling matrix elements between level p and the source (drain) electrode, P({rij}) 
is the stationary probability for configuration {rii} given by a set of detailed balance equations, and / is the Fermi- 
Dirac distribution. E^ S (N) = E p + U(N+ 1) - U(N) + r)eV [E^ S (N) = E p + U(N) - U(N - 1) + rjeV] is the energy of 
the source reservoir states from (to) which an electron tunnels into (out of) state p of a QD with N electrons, where 
E p is the energy of a single electron state p, U (N) is the Coulomb interaction energy for N electrons in the QD, and 
r/eV is the voltage drop across the QD-source-electrode potential barrier, as shown in Fig. [3 In the simplified case we 
are considering here (neglecting occupation of any configuration with N > 2), the only relevant electron distribution 
probabilities are -P(O), P(l), and P(2) (with zero, one, and two electrons (singlet state) in the QD, and neglecting 
the two-electron triplet states). These three probabilities satisfy the detailed balance equations for the individual 
configurations^ After some algebra, we arrive at (for simplicity, assuming T — ► 0) the occupation probabilities 

I 



P(0) = 
P(l) = 

P ( 2 ) = Tl A Tl , (4) 

1 i T^d /FS i FflFa /TESTIS ' 



i + rj/rf + rfr§/rfrg ' 
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i + ffTfi + rf/rf ' 
i 

i + r d 2 /r s 2 +] r?r^/r?r| ' 



and a current 

/ = e[r?P(l)+r£P(2)]. (5) 

It is clear from Eq.0]that the probability of having two electrons in this QD is very sensitive to the ratio r = T 2 /T 2 . 
If the tunneling rate to the drain electrode T 2 is large, so that r is large, P(2) would be small: the QD is then almost 
always empty. Conversely, if the tunneling rate from the source electrode T 2 is large, so that r is small, P(2) would be 
large: the QD is almost always filled with two electrons. For our purpose of creating entanglement between electrons, 
which exists only in the molecular two-electron state, we need to require r<l (equivalently, a small T 2 ). In this case, 



6 



source 



eV 



r|eV 



QD 



drain 



FIG. 2: Schematic diagram of a quantum dot in between a source and a drain electrode. 



the current though the QD would be dominated by I2-P(2), which corresponds to precisely one electron tunneling out 
of the two-electron singlet state. 

To use the double dot as a source of spin-entangled electrons, the pairs of electrons have to leave the double dot 
with a certain degree of synchronization. However, as we have shown above, the electrical current through the double 
dot is dominated by single electrons tunneling out of the two-electron state. The two-electron tunneling current, as a 
higher order tunneling event, is proportional to r^rf /t/(2), where U(2) is the two-electron Coulomb repulsion energy 
and is of the same order of magnitude as the single particle excitation energy and/or the external bias potential (eV). 
Since we require the level broadening hT to be small in order to achieve state-selective tunneling, the two-electron 
current is much smaller than the one-electron current in our double dot configuration, especially for small and rf . 

We thus face the problem of a conflicting dichotomy in the fixed barrier double dot system in the sequential 
tunneling regime: it is difficult to simultaneously have a highly occupied two-electron molecular state and a high 
degree of synchronization for the electron pairs tunneling out of the double dot. Indeed, the output current is 
dominated by single electrons tunneling out of the two-electron molecular state, which would render the double dot 
useless as a spin entangler because the electrons coming out in transport current are entangled with electrons that are 
localized in the QDs and are therefore not accessible in transport measurements outside the double dot system. This 
problem needs to be addressed in the context of using the double dot system as a spin entangler, and this is what we 
do in the next Section. 



IV. SYNCHRONIZATION OF OUTPUT FROM A DOUBLE DOT: A PARALLEL TURNSTILE 



It is clear from the previous sections that the key problem facing fixed barrier double quantum dot from the 
perspective of a spin entangler is the difficulty in controlled (regulated) extraction of pairs of entangled electrons. One 
way to overcome the output synchronization problem is to introduce time-dependent incoming and outgoing barriers 
for the double dot, particularly the outgoing barrier. This proposed introduction of time-dependent barriers for the 
double QD is an analog of the single electron turnstiles studied a decade ago4& Within each cycle of the turnstile, 
there are two stages of operation as illustrated in Fig. 01 These two stages of operations would enable us to avoid the 
conflicting dichotomy as each stage could optimize the individual constraints discussed in the last section. Specifically, 
during stage-I (Fig. the incoming barrier is low while the outgoing barrier is high, so that two electrons would 
occupy the double dot and form a spin singlet state. During stage-II (Fig. I^d), the incoming barrier is high and the 
outgoing barrier is completely removed, so that both electrons would rapidly "empty" into the two drain electrodes. 
The duration of the first stage is determined by the tunneling rate from the source electrode into the QDs, while the 
duration of the second stage would be determined by how fast the electrons diffuse out from the double dot into the 
drain electrodes. 

To ensure synchronization for the entangled electron pairs entering the drain electrodes, the lowering of the outgoing 
barrier should be faster than the interdot tunneling rate. Otherwise, if one of the electrons tunnels out to the drain 
during the barrier lowering period, the other electron may have time to undergo charge oscillations between the 
two dots, therefore significantly increasing the probability that it tunnels into the same drain electrode as the other 
electron. Such undesirable "bunching" events, where two electrons enter the same drain electrode, would become part 
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FIG. 3: The two stages of the double dot turnstile. 



of the current noise in the electrical current consisting of spin-entangled electron pairs. In realistic semiconductor 
QDs, this condition can be barely satisfied with the best presently available microwave pulse generators. For example, 
if the exchange coupling between the double dot is 0.01 meV (~ 100 mK, so that the experimental temperature has to 
be much lower than 100 mK in order to avoid tunneling through the two-electron triplet states), which is a reasonable 
number and the on-site Coulomb repulsion energy is about 1 meV (again a typical number), the inter-dot tunnel 
coupling would have to be in the order of 0.1 meV, corresponding to a tunneling time of about 40 ps. The pulse ramp 
up time of the present-day pulse generators is about 30 to 40 ps, comparable to the tunneling time. To improve the 
quality of this double dot electron spin entangler, sharper pulses are desirable. 

Current up to 1 nA is needed to evaluate current noise and cross correlation with the state-of-the-art technology. 
For a 1 nA current, the electrons would stay in the QD on the average for about 160 ps. In the case of a turnstile, the 
corresponding repetition frequency is about 6 GHz. The inter-dot coupling can then be about 20 GHz (tunneling time 
of 50 ps) to ensure that electrons would form molecular states inside the double dot. The barrier varying pulse width 
should be about 20 ps (shorter than the inter-dot tunneling time), which is at the limit of the present technology^ 

An important question regarding the operation of a double dot turnstile structure as envisioned here is whether the 
fast gate voltage pulses would cause electron orbital or spin states to get excited. To avoid such unintended excitations, 
the gate voltages controlling the incoming and outgoing barriers should be varied synchronously so that the overall 
effect on the electrons inside the double quantum dot remains small. Adiabatic condition can then be satisfied and the 
electron states would remain unchanged. Quantitatively, adiabatic condition requires that \dV / dt\/V << J/Ti. The 
fastest rising voltage pulses have a rise time of about 30 ps, corresponding to \dV/dt\/V ~ 30 GHz. For J = 0.1 meV, 
J/h ~ 100 GHz, barely satisfying the adiabatic condition above. Increasing J would make the adiabatic condition 
easier to satisfy. Furthermore, if spin-flip interaction (such as spin-orbit coupling) is sufficiently weak in the double 
dot system, the only possible excitation caused by gate voltage variation would be changes in the electron orbital 
states. In this case the exchange J in the inequality above should be replace by the single particle excitation energy E 
that is generally at least one order of magnitude larger than J. Therefore, the fast voltage pulses required to operate 
the double dot turnstile should in general not cause serious problem in terms of exciting electrons into unwanted 
states. 
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FIG. 4: Free expansion of the electron wavepackets during stage-II of the trunstile operation. The shaded area to the left 
of the wavepackets represents the barrier that separate the quantum dots from the source electrode. The barrier between the 
QDs and the drain electrodes is removed so that the QDs are now completely open, which results in the free expansion of the 
electron wavepackets. 



V. ELECTRON ENTANGLEMENT DETECTION USING A BEAM SPLITTER: CONSEQUENCES OF 

WAVEPACKET STATES 

Assuming spin-entangled electron pairs can be generated synchronously with sufficient consistency from a double 
dot entangler (following considerations discussed in the earlier sections), the important question arises as how to 
measure and quantify the degree of entanglement in the electron pairs. One approach that can take advantage of 
ensemble-averaging is to use a beam splitter to create two-electron interference and then measure the noise and 
correlation spectra of electrical currents^ Here we would like to explore whether this approach can work effectively 
with electron pairs coming out of the double dot entangler in the turnstile configuration discussed in the last section. 

In Ref. l25l the electrons injected into the beam splitter are assumed to be in plane wave states or purely momentum 
states. If a double QD works as an electron spin entangler, the electrons coming out of the double dot arc in expanding 
or dispersing wavepacket states. The use of partly localized wavepacket states instead of extended plane wave states 
also highlight the contrast between the quantum mechanical dual wave-particle nature of the electrons and their 
classical particle-like image. As shown in Fig- EI in stage-II of each turnstile cycle the outgoing barrier for the double 
QD is lowered to facilitate the dot-emptying process. In the simple limit that the outgoing barrier is lowered all the 
way so that the electron wavefunction will undergo free expansion without tunneling, as illustrated schematically in 
Fig. 0] the peak of the wavepacket would propagate along the drain electrode (which is assumed to be one-dimensional 
for simplicity) with a speed of irh~/ma cx %/ i? C onf with a being the confinement length and _E C onf the confinement energy 
and the width of the wavepacket would expand with a speed oc yT-j- (E con {t/h) 2 m& For example, for a confinement 
length of 100 nm, which corresponds to a confinement energy ~ 0.5 meV, the wavepacket propagates with a speed 
of 1 /im per 10 ps, within which period the wavepacket becomes 10 times wider. Notice that the electron dynamics 
here is quite different from the case of tunneling. Energy spread of an electron wavepacket would be determined by 
the tunneling rate Ae ~ hT if the electron tunnels through a barrier out of the quantum dot, no matter whether the 
system is in the turnstile or fixed barrier configuration. In our turnstile proposal here, the outgoing barrier is lowered 
all the way to zero during stage-II of the turnstile operation (Fig. so that the confined electron can expand out 
of the initial state freely into the lead without facing any barrier (Fig. 0J . The energy of such an electron initially is 
E = (H) = E con f. The energy spread is determined from the initial spatial spread Ax, which is also related to the 
initial confinement energy E con { as we discussed above. 

We now focus on the observability of the difference between electron singlet and triplet states assuming the electrons 
coming into the beam splitter (which is treated as a four-terminal device, as illustrated in Fig. ^) are in wavepacket 
states. The current noise in each of terminals 3 and 4 and the cross correlation between currents in terminals 3 and 
4 can be written as i 25 i 48 

s «<> = 1™ ^ C dt e luJt (m a (t)5Ip(0M , (6) 
T—tco ZttI J 

where a , (3 = 3,4, and the current can be expressed in terms of the creation and annihilation operators at the 
terminals^ 

I aa (t) = £ £ [aUEWAE') - bUE)b atT (E')] e< E - E ^ n . (7) 

EE' 
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According to Ref. |25|, if the electron pairs are initially in plane wave states with energies e\ and e 2 : 

1 



± 



y/2 



4 i (e 2 )al T (ei) ± 4t( e 2)4i( e i) 1°) > 



the outgoing current noise and cross correlation from the beam splitter in leads 3 and 4 satisfies^ 

VocT(l-T)(lT5 ei , e2 ), 



(8) 



(9) 



depending on whether the initial spin state is one of the triplet states or the singlet state. The physical picture of 
this difference is conceptually simple to understand. The two-electron singlet entangled state is antisymmetric in 
spin space and therefore symmetric in spatial coordinates between the two electrons (in order to maintain the overall 
antisymmetric nature of the two-electron fermionic state). This symmetric real space nature of the orbital two-electron 
wavefunction of the singlet pair then introduces the differences in the cross-correlations and the current noise spectra 
as the entangled electrons scattering off the beam splitter tend to "bunch" together. The observation of the noise and 
cross-correlation in the output currents of the beam splitter can thus be construed as a direct (transport) evidence 
for spin entanglement created back in the double quantum dot. Here we comment that such an interference type 
experiment is a solid state analog of the famous Hanbury Brown and Twiss experiment for photonsSi and a natural 
extension of similar solid state experiments£ii£2i£i£i with entangled electrons. 

It is clear that the ^-function in Eq. is a direct consequence of the choice of the initial plane wave states for the 
electrons. A more realistic choice in our case, where electrons expand out of the quantum dots during stage-II of 
the turnstile cycles (see Fig. [jJJ, would be the wavepacket states. If the orbital part of the initial wavepacket takes a 
simple Gaussian form: 



1 



g 4(Ax) 2 



(10) 



where Ax is the wavepacket width, and the average momentum (p) of the wavepacket is determined by the electron 
energy E inside the QD and the Fermi energy in the drain electrode. The initial electronic state entering the beam 
splitter would now take on a more complicated form: 



l±) = 



dki 
11 J i) 

de\ 
^0 



3 1 / \ 

dk 2 <Al(fcl)<fe(fc2) x — ^ (4j,( fc 2) a iT( fc i) ± a 2T( fc 2)4|( fc y 

de 2 ^i(ei)V>2(e 2 ) X -j= (a^(e 2 )4 T (ei) ± 4T( £ 2)4i( e i)) |0) 



where 



i(k) = 




e -(k-kiY(Axy e i 



(11) 



(12) 



Here 9i — EkU/h is an initial phase determined by when the wavepacket enters the lead. Notice that there is no 
time-dependence in this wavepacket wavefunction because we are working in the Heisenberg picture (see Eq. J7J)). 
Physically, the wavepacket state is made up of a continuous spectrum of plane wave states, and represents a spatially 
localized electron. Going through similar type of algebra as in Ref. using wavepacket states rather than plane wave 
states, we arrive at the expression for the current noise and cross correlation: 



S a(3 oc T(l - T) 1 T 



dk 4>l(k)Mk) 



(13) 



Thus, in the case of a simple Gaussian wavepacket, the noise/cross-correlation function is given by (with a and j3 
being 3 or 4), 



S a p oc T(l - T) 



it 



1 + rf 2 / 4 



g l+d 2 /4 



(*i-ka) 3 (AaO a - 



g 2 + eH/2 



(ki+k 2 2 )(Ax) 2 



(14) 



where d = h(ti — t 2 )/2m(Aa;) 2 represents the difference between the initial phases of the two wavepackets (when 
they each entered the leads), and fci ~ (p)i oc Je{ and k 2 ~ (p) 2 oc The strength of the signature of electron 

spin singlet/triplet states is thus determined by the spectral overlap of the two electron wavepackets coming into 
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the beam splitter relative to the spectral width of each individual wavepacket, and when they each enter the leads 
(therefore the beam splitter). In the double dot turnstile configuration, ej's are determined by the energy levels inside 
the dots (assuming the two drain electrodes have the same Fermi energy). The energy levels of the two quantum 
dots need to be aligned not only to maximize the interdot exchange coupling J, but also keep k\ — ki to be relatively 
small. Ax takes on the value of confinement length in the case of a turnstile when the outgoing barrier is completely 
removed during stage-II in Fig. 0. It can be estimated that for reasonable initial energy differences the [(ki — k2)Ax] 2 
factor in Eq. (|14fl should be smaller than one so that the first exponential factor in Eq. (|14|) should not suppress the 
interference signal by much. If the electrons enter the beam splitter (thus the drain electrodes) at the same time, so 
that d tx t\ — t2 = 0, the expression in Eq. 1141 can be simplified: 

S a p cx T(l - T) [l T e - (kl - k2)2< - Ax)2 } . (15) 

In this case the contrast between entangled (singlet) and non-entangled electron pairs should be mostly preserved, 
so that plain wave description of the electrons^ should work reasonably well. If the electrons do not enter the beam 
splitter simultaneously due to reasons such as differences in the two outgoing barriers or difference in the lengths of 
the electrodes between the QDs and the beam splitter, the effect of the initial phase difference is non-negligible. For 
example, for Ax ~ 10 nm, d ~ 10 13 (ii — t<z). If t\ — t% is in the order of 10 picosecond, which could be the case if 
the outgoing barrier of the double dot turnstile is modulated on the time scale of 30 picosecond, the factor d satisfies 
d ^> 1. This re-enforces the fact that the first exponential factor in Eq. I|14|) is not very important in the present 
case (because of the 1/(1 + cP/4) factor in the exponent). The exponent of the second exponential factor can be 
approximated by 2{k 2 + k^Ax 2 , which is in the order of 1 for Ax ~ 10 nm and the average electron energy ~ 1 
meV. If electrons have larger kinetic energy, the difference between singlet and triplet states would be significantly 
suppressed in the signal from the beam splitter. 

When the electrons come from a fixed barrier double dot, the spectral width Ae for each wavepacket is determined by 
the decay rate through the outgoing potential barrier, which is much smaller than the confinement energy (hT <C E con { 
so that bound states in the QDs are well defined). Now Ax would generally be very large (for a dot lifetime of 1 ns, 
Ax could be larger than 10 /an), so that d = h(t\ — £2) / 'lm(Ax) 2 is small even for t\ — in the order of ns (here 
we neglect effects from electrons not entangled, which would themselves cause deterioration in the signal). Now the 
first exponential factor in Eq. I|14fl would dominate, so that even a small energy difference of 0.01 meV can cause 
significant signal suppression. This situation is a direct extension of treating electrons as plane waves, for which the 
spectral width Ae goes to zero. The result here shows again the advantage of the double QD turnstile configuration 
as compared to the fixed barrier QDs from the perspective of the signal to noise ratio in this particular beam splitter 
detection scheme. 

If the beam splitter is too far downstream from the double dot entangler, the wavepackets would lose their phase 
coherence through scattering, and the two-electron spin state deteriorates through spin decoherence and relaxation, 
so that the strength of the signature of singlet/triplet states would reduce accordingly^ 



VI. DISCUSSION 



With a double dot turnstile, only the singlet spin-entangled state | Tl) — IT) can be filtered from an unpolarized 
reservoir. Although an external magnetic field can make the triplet state the ground state of a double dot^2^i*S the 
lowest energy state of the triplet would be a polarized unentangled state (e.g. | ft))- To generate the other three Bell 
states (maximally entangled two-spin states: | ||) + IT) an d | TT) ± I II))) the double dot turnstile must be combined 
with single spin operations such as phase shift and spin flip. 

One potential problem with the turnstile configuration is the unintended inter-gate cross talk because of the si- 
multaneous presence of closely-packed gates (needed to produce small quantum dots so that the exchange coupling 
between the two dots is sizable) and the relatively high operational frequency for the turnstile (6 GHz). From a 
control point of view, the residence time for the electrons inside the quantum dots should be as long as possible (> 1 
ns) in order to lower the operational frequency of the turnstile. However, the corresponding smaller current would 
lead to a suppression of the signal-to- noise ratio in the final measurement, particularly if the measurement device is a 
beam splitter, since current noise and correlation measurement require a relatively large current (in the order of nA). 
Future development in the current measurement techniques would certainly help the experimental demonstration of 
the double dot turnstile entangler through the beam splitter detection scheme. 

Another question regarding the turnstile scheme is whether rapidly varying potential barriers would significantly 
increase the energy discrepancy between the two electrons as they leave the quantum dot for the leads. A simple 
estimate can help clarify this issue. The fastest pulse rise/fall time available now is about 30 ps. Using the uncertainty 
principle, the corresponding energy uncertainty is smaller than 0.1 meV. Recall that Ax is in the orders of 10 ~ 100 
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nm, the exponent (AfcAa;) 2 in Eq. [21 can be estimated to be in the order of ICC 2 ~ 1(C 4 if E cou [ is ~ 1 meV. 
Similarly, the added fluctuation in energy would not cause significant increase in (k\ + fc 2 )Ax 2 either because the 
wavepacket energies e, = h 2 kf /2m are already in the order of meV to begin with. Therefore, the energy fluctuations 
caused by the fast pulses operating the turnstile should not lead to any significant suppression of the current noise 
and correlation signal after the beam splitter. 

In this paper we studied how the efficiency of a beam splitter is reduced because of the wavepacket nature of the 
conduction electrons. There are also other physical processes that lead to decreased sensitivity for a beam splitter 
For example, it has been shown that the presence of spin-orbit coupling in the vicinity of a beam splitter, which is 
particularly true for semiconductor nanostructures based on two-dimensional electron gas (2DEG), can hurt the 
detection efficiency of a beam splitter. 56 Indeed, the asymmetric nature of the 2DEG and the associated spin-orbit 
coupling pose a potential problem to the general study of spin-based quantum computing near interfaces and need to 
be further studied. 

The most important issue in the observability of electronic spin entanglement in this context is perhaps the problem 
of decoherence, which is usually severe for electrons in solid state systems. The question is the extent to which spin 
entanglement, even if it is successfully produced in the double dot spin entangler, will survive through the outgoing 
leads to be detected in the current noise correlation measurements. One would want to have the temperature as low 
as possible and the transport should be ballistic through the leads in order to minimize phase breaking scattering. 
Ideally one desires current leads which are devoid of electrons themselves (e.g. carbon nanotubesSi) , but are capable 
of conducting current so as to eliminate electron-electron interaction effects as much as possible. In reality, the leads 
are likely to be metallic, and one must make them reasonably short in order not to lose entanglement as the electrons 
transverse through the leadsi.2 5 . Whether this can be achieved or not experimentally is unknown at this stage. 



VII. CONCLUSION 



In this paper we study the conditions necessary for a double quantum dot system to work as an efficient electron 
spin entangler. We have analyzed in detail the required relative strength of the tunneling matrix elements, and the 
desirable bias and gate voltages. The difficulties with fixed barrier double dots, especially with extracting electron 
pairs, are carefully clarified, thus establishing the necessity of time-dependent input/output barriers which would 
enable optimization of the various tunneling rates needed for producing entanglement and for regularly exporting 
pairs of spin-entangled electrons. We discuss the conditions on the turnstile configuration for the double dot to be 
an efficient generator of spin-entangled electron pairs. We also analyze the consequences of wavepacket states for the 
electrons as they leave the double dot. We show that a double quantum dot turnstile is, in principle, an efficient 
electron spin entangler or entanglement filter because of the exchange coupling between the dots and the controllable 
electron output that is possible in such a device. Whether electronic entanglement in a double quantum dot system can 
be experimentally detected in a transport noise/correlation measurement would depend on many conditions, including 
the coherence in the output leads, but our work shows that, as a matter of principle, such transport measurements 
are feasible. 

We thank LPS, ARDA, and ARO for partial financial support. We also thank useful discussions with Y.Z. Chen 
and Richard Webb. 
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